Abstract. On four-dimensional closed manifolds we introduce a class of canonical Riemannian metrics, that we call weak harmonic Weyl metrics, defined as critical points in the conformal class of a quadratic functional involving the norm of the divergence of the Weyl tensor. This class includes Einstein and, more in general, harmonic Weyl manifolds. We prove that every closed four-manifold admits a weak harmonic Weyl metric, which is the unique (up to dilations) minimizer of the functional in a suitable conformal class. In general the problem is degenerate elliptic due to possible vanishing of the Weyl tensor. In order to overcome this issue, we minimize the functional in the conformal class determined by a reference metric, constructed by Aubin, with nowhere vanishing Weyl tensor. Moreover, we show that anti-self-dual metrics with positive Yamabe invariant can be characterized by pinching conditions involving suitable quadratic Riemannian functionals.
Introduction
Given a closed (i.e., compact without boundary) smooth manifold M , it is a natural problem to study canonical Riemannian metrics g on M . Many of them can be defined as critical points of certain functionals defined on the space of metrics. Perhaps the most famous one is the Einstein-Hilbert action
where Vol g (M ) and R g denote the volume of M and the scalar curvature of g, respectively.
All stationary points of S(g) are Einstein metrics, i.e. metrics whose Ricci curvature satisfies Ric g = λ g, for some λ ∈ R. While the existence of Einstein metrics as critical points of S(g) is not guaranteed (for instance in dimension four due to topological restrictions [3, Theorem 6 .35]), a constrained version of the problem always admits a solution. More precisely, Yamabe, Aubin, Trudinger, and Schoen (see [18] ) showed that the Yamabe invariant
is always attained in the conformal class [g] . Moreover, every critical point in the conformal class of the normalized functional has constant scalar curvature. In the last decades several curvature conditions generalizing Einstein metrics have been investigated by many authors (see for instance the classical Besse's book [3] and reference therein). In particular, important examples arise as critical points of functionals which are quadratic in the curvatures (see for instance [8, 16, 1] ). In general, the associated EulerLagrange equation is of the fourth order in the metric, hence obtaining a satisfactory existence theory can be challenging.
An important class of metrics which generalizes the Einstein condition is given by harmonic Weyl metrics, i.e. metrics with divergence-free Weyl tensor, δ g W g = 0 (see again [3] and [10] ). In fact, it is well known that all Einstein metrics have harmonic Weyl tensor and that, on four dimensional closed manifolds, there are topological obstructions to the existence of harmonic Weyl metrics (see [4, 11] ).
From now on, let M 4 be a four-dimensional closed smooth manifold. Observe that all harmonic Weyl metrics are critical points of the quadratic scaling-invariant functional
while the viceversa in general does not hold. Note that conformal variations give rise to a second order Euler-Lagrange equation, since the transformation law of δW (see [3] ) is given by
for every conformal metric g = e 2u g ∈ [g]. Thus, in the same spirit of the Yamabe problem, it seems natural to define the conformal invariant 
D( g) .
The main purpose of this paper is to study the existence of minimizers in the conformal class for the functional g → D(g). In general the problem is degenerate elliptic due to possible vanishing of the Weyl tensor. In order to overcome this issue, we minimize the functional in the conformal class determined by a reference metric, constructed by Aubin, with nowhere vanishing Weyl tensor. On the contrary, for the Yamabe problem the existence of minimizers is guaranteed in every conformal class.
Besides the aforementioned variational point of view, there is another geometric motivation for studying constrained critical points of g → D(g). Indeed, it was proved by Derdzinski [10] that, on four manifolds, harmonic Weyl metrics satisfy the nice Weitzenböck formula
(see the next section for the precise notation). On the other hand, Chang, Gursky and Yang [9] showed that, on every closed four-manifold (M 4 , g), the following integral formula holds (see Corollary 2.3):
A simple consequence is that, on a closed four-manifold M 4 ,
In Section 3.1 we show that a metric is critical in the conformal class for the functional g → D(g) if and only if it satisfies the Weitzenböck formula
Note that this equation reduces to (1.1) if δW = 0. Hence we are led to give the following The paper is organized as follows. Section 2 is devoted to the geometric preliminaries: we give the relevant definitions, we prove a general Weitzenböck formula for the Weyl tensor and we recall (and define) some Riemannian functionals. In Section 3 we derive the Euler-Lagrange equation satisfied by critical points in the conformal class of the functional g → D(g). The existence of solutions to the elliptic equation and the proof of Theorem 1.2 are given in Section 4. Section 5 is devoted to the proof of a new quantitative Kato inequality for the Weyl tensors W ± which is used, in Section 6, to prove the rigidity results Theorem 1.3 and Corollary 1.4.
Preliminaries
The Riemann curvature operator of an oriented Riemannian manifold (M n , g) is defined by
Throughout the article, the Einstein convention of summing over the repeated indices will be adopted. In a local coordinate system the components of the jkl . The Ricci tensor is obtained by the contraction R ik = g jl R ijkl and R = g ik R ik will denote the scalar curvature (g ij are the coefficient of the inverse of the metric g). Moreover, we will denote by (
n R g ik the traceless Ricci tensor. The so called Weyl tensor is then defined by the following decomposition formula in dimension n ≥ 3,
The Weyl tensor shares the symmetries of the curvature tensor. Moreover, as it can be easily seen by the formula above, all of its contractions with the metric are zero, i.e. W is totally trace-free. In dimension three, W is identically zero on every Riemannian manifold, whereas, when n ≥ 4, the vanishing of the Weyl tensor is a relevant condition, since it is equivalent to the local conformal flatness of (M n , g). We also recall that in dimension n = 3, local conformal flatness is equivalent to the vanishing of the Cotton tensor
where R ij,k = ∇ k R ij and R k = ∇ k R denote, respectively, the components of the covariant derivative of the Ricci tensor and of the differential of the scalar curvature. By direct computation, we can see that the Cotton tensor C satisfies the following symmetries (2.3)
moreover it is totally trace-free,
by its skew-symmetry and Schur lemma. We recall that, for n ≥ 4, the Cotton tensor can also be defined as one of the possible divergences of the Weyl tensor:
A computation shows that the two definitions coincide (see e.g. [3] ).
We say that a n-dimensional, n ≥ 3, Riemannian manifold (M n , g) is an Einstein manifold if the Ricci tensor satisfies Ric = λg , for some λ ∈ R. In particular R = nλ ∈ R and the Cotton tensor C vanishes. 
and similarly ∇ k for higher derivatives. The (rough) Laplacian of a tensor T is given by ∆T
The Riemannian metric induces norms on all the tensor bundles, and in coordinates the squared norm is given by
Dimension four.
In this subsection we recall some known identities involving the Weyl tensor on four dimensional Riemannian manifold. First we recall that, if T = {T ijkl } is a tensor with the same symmetries of the Riemann tensor (algebraic curvature tensor), it defines a symmetric operator, T : Λ 2 −→ Λ 2 on the bundle of two-forms Λ 2 by
with ω ∈ Λ 2 . Hence we have that λ is an eigenvalue of T if T ijkl ω ij = 2λ ω kl , for some 0 = ω ∈ Λ 2 ; note that the operator norm on Λ 2 satisfies T 2
The key feature is that Λ 2 , on an oriented Riemannian manifold of dimension four (M 4 , g), decomposes as the sum of two subbundles Λ ± , i.e.
(2.8)
These subbundles are by definition the eigenspaces of the Hodge operator
corresponding respectively to the eigenvalue ±1. In the literature, sections of Λ + are called self-dual two-forms, whereas sections of Λ − are called anti-self-dual two-forms. Now, since the curvature tensor Riem may be viewed as a map R : Λ 2 → Λ 2 , according to (2.8) we have the curvature decomposition
where
and the self-dual and anti-self-dual W ± are trace-free endomorphisms of Λ ± , I is the identity map of Λ 2 and
• Ric represents the trace-free Ricci curvature Ric − R 4 g. Following Derdzinski [10] , for x ∈ M 4 , we can choose an oriented orthogonal basis
where λ ± ≤ µ ± ≤ ν ± are the eigenvalues of W ± x . Since W ± are trace-free, one has λ ± + µ ± + ν ± = 0. By definition, we have
We recall that the orthogonal basis ω ± , η ± , θ ± forms a quaternionic structure on T x M (see [10, Lemma 2] ), namely in some local frame
The following identity on the Weyl tensor in dimension four is known (see [10] )
As far as the covariant derivative of Weyl is concerned, it can be shown that (see again [10] ), locally, one has
for some one forms a ± , b ± , c ± . By orthogonality, we get
Finally, the following identity holds (see [6] ) Lemma 2.1. On every n-dimensional, n ≥ 4, Riemannian manifold one has
In particular, on a four manifold one has
2.2.
A general Weitzenböck formula for the Weyl tensor. In this subsection, we prove that on every n-dimensional Riemannian manifold, n ≥ 4, the Weyl tensor satisfies a nice Weitzenböck formula. Namely we have Lemma 2.2. Let (M n , g), n ≥ 4, be a n-dimensional Riemannian manifold. Then
Proof. From the second Bianchi identity for the Weyl tensor (see for instance [9, 7] ) we have
The previous relation can be rewritten as
Using the commutation relation for the second covariant derivative of the Weyl tensor (see [7] ) to expand the two terms W klmj,im − W klmj,mi and W klmi,jm − W klmi,mj , and also the first Bianchi identity for W , we deduce
Contracting with W ijkl and exploiting again the first Bianchi identity, we obtain formula (2.2).
In dimension four, using identity (2.10) and the orthogonality of W ± , the formula simplifies to the following [9] ):
As a consequence, if M is closed one has the integral identity (see
M |∇W | 2 − 4|δW | 2 + 1 2 R|W | 2 − 3W ijkl W ijpq W klpq dV = 0 .
Moreover, we have
2.3. Some Riemannian functionals. Let (M 4 , g) be a closed four-dimensional Riemannian manifold. First of all we recall the Chern-Gauss-Bonnet formula and the Hirzebruch signature formula (see [3, Equation 6 .31]) (2.14)
If we denote with σ 2 (A) the second-elementary function of the eigenvalues of the Schouten tensor A := 1 2 Ric − 1 6 R g , it is easy to see that
and the Chern-Gauss-Bonnet formula reads
In particular, using (2.15), we get
Observing that the L 2 -norm of the Weyl tensors W ± in dimension four are conformally invariant and we define
In particular, it follows that the integral of σ 2 (A) is conformally invariant too. We denote
It is well known that, on a closed manifold, 
Equivalently,
Moreover, the inequality is strict unless (M 4 , g) is conformal to an Einstein manifold.
As anticipated in the Introduction, we now define the quadratic, scale-invariant functionals given by
Let also
We also denote with Finally, for α ∈ [0, 5 9 ] we define the Riemannian functionals
and its infimum
Note that
(g) = D ± (g) .
The Euler-Lagrange equation
Let M 4 be a closed smooth manifold. In this section we derive the Euler-Lagrange equations satisfied, respectively, by a critical metric in the conformal class of the functional
and by the conformal factor. = U (x); for a conformal change of the metric of the form (3.1) g(t) = e 2u(x,t) g, from the formula for the conformal change of δW (see [3] ) we easily deduce that
Since, for n = 4, we have dV g(t) = e 4u(x,t) dV g , we obtain
Letting V := Vol g (M ), a simple computation shows that
thus we deduce that g is a critical point in the conformal class of the functional, i.e.
dD( g(t)) dt
if and only if
Now, exploiting the algebraic properties of the curvature in dimension four, we show that (3.4) is equivalent to the condition defining weak harmonic Weyl metrics (see Definition 1.1). 
Proof. First we observe that equation (3.4) holds separately for the self dual and the anti-self dual part of Weyl, i.e.
We now perform our computation for the self dual part W + . Since W 
thus completing the proof for W + . The same computation gives the formula for W − and, by orthogonality, (3.5) follows.
3.2.
The PDE for the conformal factor. Let now g 0 be a fixed Riemannian metric on M 4 and let v := e −u for some u ∈ C ∞ (M 4 ). Then, equation (3. 3) yields
where all the geometric quontities are referred to the fixed metric g 0 . Clearly we have
To simplify the notation, now let
Then the previous relation rewrites as
Imposing that v is critical for the functional v → D(v), i.e.
dD(v + tϕ) dt
we obtain the Euler-Lagrange equation
In particular, the metric v −2 g 0 is a weak harmonic Weyl metric, i.e. it satisfies (3.5). whit a ∈ C ∞ (M ), a > 0 and c ∈ C ∞ (M ). Note that no sign conditions are required on the coefficient c. We assume that the first eigenvalue of L, i.e.
, is non-negative. We will show the existence of positive solutions to the equation
and that any two such solutions are proportional. More precisely, the solutions v that we find satisfy
Now let (M 4 , g 0 ) be a closed Riemannian manifold where g 0 is the metric of Aubin (see the Introduction) satisfying
Note that the previous assumptions on the operator L are satisfied in the case of the geometric one defined in Section 3 with the choice a := 
D(u) .
By standard elliptic theory, there exists a smooth, positive, first eigenfunction ϕ 1 of L, i.e. a solution of
Note that R(ϕ 1 ) = λ 1 . We have the following weak maximum principle. Moreover, using Lemma 4.1, one can prove the following strong maximum principle. We have a two-sided estimate on D in terms of λ 1
Lemma 4.3. Under the previous assumptions, we have
Proof. By Jensen inequality, for every u ∈ H(M )
and the first inequality follows. Moreover, for every u ∈ H(M ) we have
Consequently, by Proof. By contradiction, assume that there exists ϕ ∈ C 1 (M ), ϕ ≥ 0 such that M {a ∇u, ∇ϕ + cuϕ} dV < 0 .
Take any t ∈ R with |t| small enough. We have that
Furthermore,
for any t > 0 , ,
Thus, for t > 0 sufficiently small,
So,
with u + tϕ > 0 a.e., u + tϕ ∈ H(M ). This is a contradiction, since 
Moreover v satisfies
Proof. First we suppose that D = 0 .
By Lemma 4.3, λ 1 = 0. Moreover,
Since ϕ 1 ∈ C ∞ (M ), we have that also D = 0. Hence
From now on we suppose that D > 0. Let {v n } n∈N ⊂ H(M ) be a sequence of functions such that D(v n ) → D. Since the functional D is scaling invariant, without loss of generality, we can assume that M v −4 n dV = 1. Since D > 0, in view of Lemma 4.3, we have that λ 1 > 0. In addition,
Clearly, for any n ∈ N sufficiently large,
So, {v n } is bounded in L 2 (M ). Moreover, for any n ∈ N sufficiently large,
, and {v n } is bounded in H 1 (M ). Consequently, there exist a subsequence of {v n }, which will be still denoted by {v n }, and a function v ∈ H 1 (M ) such that
Therefore,
here we have assumed that v n , v : M → [0, +∞] and
n dV = 1 .
This implies that v > 0 a.e. in M . In fact, if v = 0 in a set of positive measure, since v ≥ 0,
From Lemma 4.2 it follows that essinf
Consequently, for any ϕ ∈ C 1 (M ), we have
Thus,
Since essinf v > 0, we have that f ∈ L ∞ (M ). Therefore, by standard elliptic regularity theory,
Hence,
This completes the proof.
Remark 4.7. From the proof of Theorem 4.6 we can deduce that
4.4. Uniqueness. Observe that equation (4.5) is scaling invariant, in the sense that if u 1 solves (4.5), then u 1 := βu 2 , with β ∈ R + , satisfies
Therefore, uniqueness for equation (4.5) does not hold. However, we have the following result.
Theorem 4.8. Suppose that both u 1 and u 2 are solutions of equation (4.5) and that u 1 > 0, u 2 > 0 in M . Then there exists β ∈ R + such that
Proof. Let
So, the functions ψ := µu 1 , w := γu 2
We choose α > 0 such that ψ − αw ≥ 0 and min
Since M is compact, we can find a minimum point x 0 ∈ M of the continuous function ψ − αw, so that ψ(x 0 ) = αw(x 0 ) . First assume that D > 0. We have that
In particular, at x 0 we obtain
This yields α ≥ 1, and so, ψ ≥ αw ≥ w in M .
By repeating the same argument interchanging the role of ψ and w, we get
Hence
Thus, we obtain the thesis with β = γ µ . Now, assume that D = 0. Since ψ − αw ≥ 0, if we take M > c L ∞ , then we have
and min M {ψ − αw} = 0 . Observe that
Thus, by Lemma 4.2 applied to the operator L + M Id for the function ψ − αw, we obtain ψ = αw. Therefore,
The proof is now complete. Consider equation
Observe that D(u) = D(βu) for any β ∈ R + . Furthermore, equation (4.6) is scaling invariant as before, so uniqueness for equation (4.6) does not hold. However, we have the following result.
Theorem 4.10. Suppose that both u 1 and u 2 are solutions to equation (4.6) , and that u 1 > 0, u 2 > 0 in M . Then there exists β ∈ R + such that
Hence the conclusion follows as in the proof of Since M is compact, we can find a minimum point x 0 ∈ M of the continuous function ψ − αw, so that ψ(x 0 ) = αw(x 0 ) . We have that
This is a contradiction. The proof is now complete. , then u is a subsolution of equation (4.7), that is
In fact,
provided that α ≤ . It is similarly seen that if α ≥ , then u is a supersolution of equation (4.7), that is
Clearly, 0 < α ≤ α. Define
Hence equation (4.6) is equivalent to equation 
Proof. Let v be a solution of equation (4.5) . So, v is also a solution of equation (4.7) with
. Hence, by Proposition 4.12, the thesis follows.
A quantitative improved Kato inequality
We recall that, given any tensor T , at every point where |T | = 0, one has the classical Kato inequality
It was proved by Gursky and Lebrun [15] , that on a four manifold (M 4 , g) with half harmonic Weyl metric, i.e. δW ± ≡ 0, there holds 
Remark 5.2. As it will be clear from the proof, in the case k = 0, the inequality holds on the whole M , even at points where |W ± | = 0.
Proof. We perform our computations for the self-dual case; first recall that (see equation (2.12))
In the rest of the proof we omit the "+" on λ, µ, ν, ω, η, θ and a, b, c for the sake of simplicity. We setā := (µ − ν)a,b := (λ − ν)b andc := (λ − µ)c; we also define
Then, from the quaternionic structure, we get 
Now, since by (2.11) one has
we deduce, after some computations, 
A computation gives that det(M Q ) = 384(8 + 5k 1 )(8 + 5k 1 − 8k 2 − 3k 1 k 2 ) . Let k := k 2 and k 1 := 8(k − 1) 5 − 3k .
Thus det(M Q ) = 0. We claim that the matrix M Q is non-negative definite. In fact, we can check that the principal minors of order 2, 3 and 4 have determinants, respectively,
384(1 − k) 2 (3 + 2k)λ 2 + (3 + k)λν + (3 + k)ν 2 (5 − 3k) 2 (λ 2 + λν + ν 2 ) , and 3072 k(1 − k) 2 (2λ + ν) 2 (5 − 3k) 2 (λ 2 + λν + ν 2 ) .
Since k ∈ [0, 5 3 ), it is easy to see that all these quantities are nonnegative. Moreover, with similar computations, one verify that all the leading minors have non-negative determinants. Thus M Q is non-negative definite and the inequality is proved. 
